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Abstract. Saturation of the Froissart-Martin unitarity bound that the total cross sections increase like 
log 2 (s/so) appears to be confirmed. Due to this statement, the -Blog 2 (s/so) was assumed to extend the 
universal rise of all the total hadronic cross sections to reduce the number of adjustable parameters by the 
COMPETE Collaboration in the Particle Data Group (2006). Based on this assumption of parametrization, 
we test if the assumption on the universality of B is justified through investigations of the value of B for 
qq ' 7r ± p(Jf p) and pp,pp scatterings. We search for the simultaneous best fit to a tot and p ratios, using a 

, constraint from the FESR of the P' type for n^p scatterings and constraints which are free from unphysical 

regions for pp,pp and K p scatterings. By including rich informations of the low-energy scattering data 
(f) ' owing to the use of FESR, the errors of B parameters decreases especially for irp. The resulting value 

of B pp is consistent with Bn P within two standard deviation, which appears to support the universality 
C 1 hypothesis. 

o 

, PACS. 11.55.Hx Sum rules - 13.85.Lg Total cross sections 

a: 

Purpose of this Paper The purpose of this article is to investigate the value 

^ It is well-known as the Froissart-Martin unitarity bound °* B for ^p( K± p) and pp, pp cases in order to check if 

m j-v. j. j-v. ■ Ci , i .. , j. i 2 the assumption on the universality of the coefficient B is 

111 that the increase ol total cross sections is at most log v. .„ . * . . , . / . „ 

fTi j,i -ii i . j. j. u i. justified. We search lor the simultaneous best ht to ow, 

It had not been possible, however, to discriminate between \. , . , ,. . . , 

X ■ asymptotic log v and log 2 ^ fits if one uses TriV high-energy the total cross se ; ctl ° ns ; and p the ratios of the real to 

»H 1 data alone above 70 GeV. Therefore, we have proposed ® ! m agmary part of the forward scattering amplitude, us- 

• i • r -c ^1 i- i i mg a constraint from the J^ESR of the P type for ir^p 

to use rich informations of np total cross sections at low- , , . , . , , . , r r i • 

, . i • i i 1 1 r* • i scatterings and constraints wnicn are free from unpnysi- 

and intermediate-energy regions through the hmte-energy . ° , . _ t J 

sum rules ( FESR ) of the P> type as well as gl] cal re § 10ns for pp ^ p and K p batterings [10]. 
in addition to total cross sections, and have arrived at 
the conclusion that log 2 ^ behavior is preferred, i. e., the 



Total cross sections, p ratios and constraints 



Froissart-Martin bound [T] is saturated. Cudell et a!., ( Lct us consider the forward pp,pp, ir^p and K^p scat- 

COMPETE Collab. ) [6J have considered several classes terings. We take both the crossing-even and^crossing-odd 

of analytic parametrizations of hadronic scattering am- forward scattering amplitudes, S (+) and \ defined by 
plitudes, and compared their predictions to all available 

forward data ( pp, pp, irp, Kp, jp, 77, S~p ). Although F^\v) _ J \ v ) ± J \ v ) . 

these parametrizations were very close for > 9 GeV, it 2 

turned out that they differ markedly at low energy, where / ap (^) = F^ + \f) + F^~\v) 

log 2 s enables one to extend the fit down to y/s = 4 GeV [6j. f ap {v) = F^ + \v) — F^^u) ' 

The statement that the log 2 !/ behaviour is preferred 
have been confirmed in [7] and [S]. In Ref. [6], the Slog 2 (s/s ) where (a, a) = (p,P), (tt~ , tt+), (K~,K+), respectively, 

was assumed to extend the universal rise of all the to- We assume 
tal hadronic cross sections. This resulted in reducing the 

number of adjustable parameters. Recently, however, it JmF^ + ' {v) = Imi?(^) + ImFp- (u) 

was pointed out in Ref. [9] that [Jj, [H] gave different pre- v v 2 v \ Pp' ( v \ Qp/ 

dictions for the value of B for irN and NN, i.e., differ- = ^2 ( c ° + Cllo S~ + C2lo S m) + ~ \m) (3) 

ent predictions at superhigh energies: a^ s N > c^vE and g , v N av 

a™ N ~ 2/3^0. \mF(-\v)=^F v {v) = ^(-) (4) 
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at high energies for v > N. Here m — M (proton mass), m = 
/i(pion mass) and m — mx(kaon mass) for p(p)p, np 
and Kp scatterings, respectively. The v, k are the incident 
p{p), 7T and K energies, momenta in the laboratory sys- 
tem, respectively. Using the crossing-even/odd property, 
fW(-i') = iFW(i/)', the real parts are given by[8p] 



ReF (+) {u)= ™( Cl+ 2c 2 ln^ 

frpr^+^o), (5) 

m \mJ 2 

ReF(-) M = ^fii) aV tan^l. (6) 



The total cross sections cr^J. , cr^ t and the p ratios p ap , p a 
are given by 



lmf a P> a P(,A — rr a P< a P- rflP — J rflP — J 



respectively. 

Defining (z/) = FW(i/)-i2(v)-Fp/(i/)-FW(0) ~ 
j/*(o) (a(0) < 0), for large value of z/, we have obtained 
the FESR[2] in the spirit of P' sum rule [3] 



Re (to) 
2P 



J -J -T m FM{u)du + ^j o v&\k)dk 
{1mR(v) + ImFp, (i/)} , (8) 



2P !/ 



7T 7o k2 

where TV = \/iV 2 - m 2 ~ 2V. Let us call Eq. © as 
FESR(l)(O-iV)0 

The Eq. ([8]) gives directly a constraint for 7rp scatter- 
ing, 



{lmR(v) + lmFp> (i/)} dv 



2P r N v 

Wo & 

-ReR(p) -ReFp,(ji) 

-ReF {+) (p) +(polcterm) 



2tt 2 



A' 



a$(k)dk . (9) 



For irp scattering, RHS can be estimated with sufficient 
accuracy, regarding Eq. ^ as an exact constraint [5] : 
"RjeF^ + > (fi) is represented by scattering lengths and pole 
term comes only from nucleon. The last term is estimated 

from the rich data of experimental cr^ ot p . 

On the other hand, Eq. ([5]) for p(p)p scattering suf- 
fers from the unphysical regions coming from boson poles 
below the pp threshold. Reliable estimates, however, are 
difficult. Similarly in Kp scattering, poles of A, E resonant 
states contribute below K~p threshold. In ref. [10], we have 
presented a new constraint, called FESR(l)(7Vi-iV 2 ), free 



This sum rule should hold if no singularities extend above 
J = except for the Pomeron and P' . So, we adopt this sum 
rule rather than the higher- moment sum rule. 



from unphysical regions. We consider Eq. Q with N = N\ 
and N — N 2 [N 2 > N\). Taking the difference between 
these two relations, we obtain the relation 



N-> 



Ni 



{lmR(v) + ImFp, (v)} dv 



N 2 



(10) 



= ^2 / V&Wdk . 

^ Jn 1 

The RHS can be estimated from the experimental o~ PP ^ pp 
and data0 regarding Eq. (fTQ|) as an exact constraint. 

The general approach 

The formula, Eqs. (|T|)- (JTJ) , and the constraints, Eqs. ([9]) 
and (fTtl)) . are our starting points. The <r^ ap and p ap ' ap are 
fitted simultaneously for respective processes of p(p)p, irp, 
Kp scatterings. The high-energy parameters c 2 , c\, Co, /3pi , 
(3y are treated as process-dependent, while a pi and ay are 
fixed with common values for every process. The FESR(I) 
(lVi-iV 2 )(Eq. (10])) and FESR(l)(0-F)(Eq. ©) give con- 
straints between c 2 ,ci,cq and (3p> for p{p)p,Kp and irp 
scatterings, respectively. F^ + \0) is treated as an addi- 
tional parameter, and the number of fitting parameters is 
5 for each process. The resulting c 2 are related to the B 
parameters, defined by a ~ Slog (s/ s o) + • • ■, through the 
equation 



47T 

Bap = — kC 2 where m 
TO 



M, p, rriK for a — p, it, K, (II) 



and we can test the universality of B parameters for the 
relevant processes. 

Result of the analyses 

The af^ ap for k > 20 GeV and p^ ap for k > 5 GeV 
are fitted sumultaneouslyd We take two cases, (ap>,av) — 
(0.500,0.497) and (0.542,0.496). These values are selected 
by considering the \ 2 behaviours of the fit to pp, pp data: 
The total x 2 is almost independent of the input value 
of a pi, while it is sensitive to the value of ay. So we 
select two values of api as typical examples^] while ay is 
selected from the minima of \ 2 ■ The x 2 takes its minimum 
at ay ~ 0.50 independently of api -value. 

The FESR(l)(10-20GeV)(Eq. JEJJ)) for p{p)p,Kp and 
FESR(l)(0-20GeV)(Eq. ©) for wp are given respectively 

by 

1.837(2.061)/?p' +7.247c + 19.96ci + 55.27c 2 = 58.54 (12) 

4.810(5. M2)/3 P > +26.14c + 88.74ci + 302. 3c 2 = 25.41 (13) 

109.2(124.1)^ +653.6c + 2591ci + 10928c 2 = 71.12 (14) 

2 Practically it is estimated from the fit to a to t in 2.5GeV< 
k < lOOGeV through phenomenological formula. See, ref. |10] 
for detail. 

3 In the actual analysis we fit data of Re/ instead of p. Re/ 
data are made from the original p data multiplied by atot, 
which is given by the fit in ref. [9]. 

4 Our apt corresponds to l — Wi in parametrization of COM- 
PETE collab.[9|. a P i = 0.542 corresponds to their best fit 
value, rji = 0.458 . 
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Table 1. Values of parameters and x 2 m the best fits in (a P i,ctv) = (0.500,0.497). Both total % 2 an d respective \ 2 f° r each 
data with the number of data points are given. The result of p(p)p scattering is in the 1st row, up scattering in the 2nd row 



and Kp 


scattering in the 3rd row. The errors are given only for C2. The v 

c 2 cj c F< + )(0) (3 v Pp> 


alues of p P 

*tot 

N D -N P 


/ are obtained from FESR. 

2, a 2,p 2, a 2,p 
ap ap Xap Xap 

^ *t ^7 


pp,pp 


0.0520±0.0041 -0.259 6.67 11.1 3.75 6.82 


157.3 

231-5 


21.0 15.4 til. 4 59.5 
51 16 94 70 


TT^p 


(140±14)-10~ b -0.0153 0.132 0.291 0.0392 0.0875 


42.3 
151-5 


10.3 11.7 8.3 12.0 

84 22 37 8 


K^p 


0.0185±0.0103 -0.142 1.20 1.86 0.573 0.234 


3U.3 

111-5 


17. y 11.5 5.9 1.0 

53 13 31 14 



Table 2. Values of B parameters in unit of mb. The resluts 
are given in two cases ap/ = 0.500, 0.542. 



process 


B 


a P , = 0.500 


a P , = 0.542 


pp,pp 


Bpp 


0.289±0.023 


0.268±0.024 


it^p 


Birp 


0.351±0.036 


0.333±0.039 


K^p 


Bk p 


0.37±0.21 


0.37±0.22 



where the number without (with) parenthesis of the (3p, 
coefficient is the case of ap, = 0.500(0.542). Solving the 
above equations for f3p>, they are represented by the other 
three parameters as /3p> = 0p>(c2,ci,co), and the fitting 
parameters are C2, C\, Cq, f3y, (0) for respective pro- 
cesses. 

The result of the fits are depicted in FigUJ (a) (b) for 
p(p)p scattering, (c)(d) for irp scattering and (e)(f) for Kp 
scattering, respectively. The values of parameters and \ 2 
in the best fits are summarized in Table [T] 

There are several comments in the analyses: 
The fit to the original pp 1 pp data in Particle Data Group 
20060 gives the total x /{Nd - N P ) = 224.8/(240 - 5), 
where fit to p pp data is unsuccessful, X^/N^, = 126.3/79, 
reflecting the situation that the p pp data are mutually in- 
consistent with different experiments. In Fig.QJb) Fajardo 
80 [11] (red points) andBellettini 65 [i~2] (orange points) have 
comparatively small errors, and seem to be inconsistent 
with the other points by inspection. We have tried to fit 
the data set only including Fajardo 80 for p pp in the rel- 
evant energy region, but it is not successful. We remove 
these two data from our fit given in Table [1] 
Similar situation occurs for p* p . In Fig. QJd) Apokin 
76,75B,78[J3](red points) in 30GeV< k < 60GeV, which 
have small errors, are inclined to give smaller values (which 
are almost in the region of p* p data!) than the other 
data, Burq 78 [14] (green points). We try to fit three types 

of p 7r p data:(i) fit to the original data, (ii) fit to the data 
excluding Apokin 76,75B,78 (named Burq fit), and (iii) fit 
to the data excluding Burq 78 (named Apokin fit). The fit 
(i) is almost the same as the Apokin fit( fit (iii)), however, 
the p^ p data around k = 5GeV are not reproduced well 
in these fits. While they are well described in the Burq 
fit (fit (ii)), which is shown by blue line in Fig. []Jd)). 
Total x 2 gives respectively 73.82/(162-5), 42.25/(151-5), 
69.8/(156-5), all of which are seemingly successful. How- 
ever, xl' P p /K- P are 42-4/33, 11.7/22, 37.8/27, and thus, 
only Burq fit is successful. So we adopt the result of Burq 
fit in Table [TJ 



By using Eq. (|11[) . we can derive the B parameters 
from C2 in Table Q] The result is given in Table [2] in 
two cases ap, — 0.500, 0.542. As seen in Table [21 B pp is 
somewhat smaller than the B^ p , but is consistent within 
two standard deviation, although its central value changes 
slightly depending upon the choice of ap,. Central value 
of Bk p is consistent with B^ p , although its error is very 
large, due to the present situation of Kp data. Based on 
these result, present experimental data are consistent with 
the hypothesis of the universal rise of the total cross sec- 
tion in super-high energies. On the other hand, o~^ B N ~ 
2/3 0jvjv[i] appears not to be favoured in our analysis. 
This is our main result. 

Remarks on the analysis of irp 

In order to obtain the above conclusion, it is essential 
to determine C2 in np(oi B^ p ) with enough accuracy. How- 
ever, it is very difficult task, since the experimental a^ t 
are reported only in very limited regions with momenta 
k < 400GeV, in contrast with the a PP t data obtained up 
to k = 1.7266 • 10 6 GeV. Actually, if we fit the same data 
in the fit of Table [1] using 6 (not 5) parameters with no 
use of the FESR, Eq. (HD, we obtain 

c 2 = (120 ±46) x 10~ 5 -> B^p = 0.301 ±0.116 mb,(15) 

where (ap,,ay) — (0.500,0.497). The above value is con- 
sistent with the one given in Table [H B^ p = 0.351 ± 
0.036mb, within its large error. However, this error is very 
large, and the B^ p in Eq. (fT5]) is consistent with both 
£ pp (=0.289mb) and 2/3 B pp (=0.193mb). So by using this 
value we cannot obtain any definite conclusion. In other 
words, by including the rich informations of the low-energy 
irp scattering data through FESR, the error of B vp is re- 
duced to be less than one third(0.116mb^0.036mb), and 
as a result, the universality of B (B pp = B^ p ) appears to 
be preferred. 

In our analysis of Table [TJ cr^ t p in k > N2 and p 7rTp in 
k > 4.95GeV were fitted simultaneously, using FESR(1)(0- 
AT 2 ) with N2 — 20GeV. When we analyze the data by tak- 
ing N 2 — 25(30)GeV, the B^ p are determined as 0.315 ± 
0.052(0.303 ± 0.060)mb. The results are not so sensitive 
to the choice of ./V2, although their errors become slightly 
larger. 

If we use the FESR(l)(10-20GeV)( not (0-20GeV) ) 
also for np, similarly to pp(pp) and Kp and fit the same 
data, we obtain B^ p — 0.314 ± 0.075mb, which is consis- 
tent with our result given in Table [5] but its error becomes 
about twice the larger of the value in Table [21 In order 
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(c) <j t V(blue), <ot P (black) (d) p" p (blue,red,green),^ p (black) 



mb 




(e) <t* "(blue), ff £ t '(black) (f) /^"'(blue), p*^(black) 

Fig. 1. Results of the fits to (a) a pp ' pp , (b) p»*' pp , (c) a^ p , (d) p^, (e) cr^, (f) p KTp . In (b), red(orange) points Fajardo 

onrm/D„n„j-j-:„: /2tt li ol\ „r „pp t„ /j\ 3 / \ „ „ \ ... „i ■ ... FPTI /"d <7o li a \ \ J ui — • x„ „ iu „ - „tt p 
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to obtain sufficiently small error of B^ p it appears to be 10. K.Igi, M. Ishida, Prog. Theor. Phys. 116, (2006) 1097. 

important to include the informations of low-energy scat- 11. L. A. Fajardo et al., Phys. Rev. D 24, (1981) 46. 

tering data with < k < lOGeV through FESR. 12. G. Bellettini et al., Phys. Lett. 14, (1965) 164. 

13. V. D. Apokin et al., Yad. Fiz. 24, (1976) 99; 21, (1975) 

Finally we would like to add several remarks: 12 40; Sov. J. Nucl. Phys. 28 (1978), 786. 

(i) Our B pp , B pp = 0.289±0.023mb (in case a P , = 0.500), 14 - J - R Bur 1 et aL > Ph y s - Lett - 77B > ( 1978 ) 438 - 

is consistent with the value of B by COMPETE collab. [9], 15 ' E - Ferreiro, E. Iancu, K. Itakura and L. McLerran, 

0.308 ± O.OlOmb, which is obtained by assuming the uni- NucL Ph y s - A 710 ( 2002 )> 373 - We are thankful to Dr. 

versality of B for various processes. ' Lwo^ksL^KEKPH^^on 1 March f^l ^ referenCe at 

(ii) Our B m is also consistent with the value by Block and * e r w ° r * °,, E , ®7' a ^.° 1_ ^' 2 ^'„v 

xj l ran n oq-i-7-l n nn^ u n 0700 _l n nnin u if 16 - J - R - Cudell et al., Phys. Rev. Lett. 89, (2002) 201801. 

Halzen 8 , 0.2817 ±0.0064mb or 0.2792 ±0.0059mb (from TT ' / . ' ; ' __ n 

;1 • J ' ; . „ . , TTT r r ,„ , . , , 17. U. Dersch et al.fSELEX collab.), Nucl. Phys. B 579, 

the C2 parameter m lable III of ret. 8 ). A present value (2000) 277 



of our B pp is located between the above two results. 

(iii) The universality of B parameter has some theoretical 
basis from QCD|15j. 

(iv) Our predictions of a^ t and p pp at LHC energy( v /i=14TeV) 
are 

crf£ = 109.5 ± 2.8mb , p pp = 0.133 ± 0.004 . (16) 

This value is consistent with our previous one, crtot — 
107.1 ± 2.6 mb, p = 0.127 ± 0.004[TJj], which was ob- 
tained through the analysis based on only the crossing- 
even amplitude, using restricted data sets. The values of 
Eq. (fT6]) is also located between predictions of the rele- 
vant two groups, a PP t = 111.5 ± 1.2 sys t -2.i st at mb, p pp = 

0.1361 ± 0.0015 syst ±o:oo25 stat [TB] and a PP t = 107.3 ± 1.2 
mb, p pp = 0.132 ±0.001 [8]. 

(v) The fit to the Trp data given in Table Q] gives the pre- 
diction at k = 610GeV, cr^ ot p = 25.91 ±0.03mb (in case of 
cap/ — 0.500)@ which is consistent with the recent observe- 

tion by SELEX collaboration, a?~ t N = 26.6 ± 0.9mb.[17l 

(vi) Finally we would like to emphasize the importance 
of precise measurements of p ratios in pp, pp, n T p, K T p 
scatterings at intermediate energies above k > 5GeV for 
further investigations of B parameters. 

Acknowledgements This work was (in part) supported by 
JSPS and French Ministry of Foreign Affairs under the 
Japan- France Integrated Action Program (SAKURA). 



References 

1. M. Froissart, Phys. Rev. 123, (1961) 1053. A. Martin, 
Nuovo Cimento 42, (1966) 930. 

2. K. Igi, M. Ishida, Phys. Rev. D 66, (2002)034023. 

3. K. Igi, Phys. Rev.Lett. 9, (1962) 76. 

4. K. Igi, S. Matsuda, Phys. Rev. Lett. 18, (1967) 625. 

5. R. Dolen, D. Horn, C. Schmid, Phys. Rev. 166, (1968) 1768. 

6. J.R.Cudell et al. ( COMPETE Collab.), Phys. Rev.D 65 
(2002) 074024. 

7. K. Igi, M. Ishida, Phys. Lett. B 622, (2005) 286. 

8. M. M. Block and F. Halzen, Phys.Rev. D 72, (2005) 036006 
[Errata; 72, (2005) 039902]. 

9. Particle Data Group, Journal of Physics G: Nuclear and 
Particle Physics Vol. 33 (2006), p.337. 

J At this energy, (J^ ot p is predicted with 25.62 ±0.03mb. The 
difference u^ ot p — <y^ ot p ~ 0.3mb. 



